Abstract. In an earlier paper, I showed that the classes of pentagon-free two-graphs and of pentagon-and-hexagon-free two-graphs could be represented in terms of trees. This paper gives formulae for the numbers of labelled objects in each of these classes, as well as the numbers of labelled reduced two-graphs in each c l a s s . The proofs use various enumeration results for trees. At least some of these results are well-known. To make t h e paper self-contained, I have included proofs. MOS classi cation: Primary 05 C 30 secondary 05 C 05, 05 A 18. 1. Trees and two-graphs A two-graph is a pair (X V ), where X is a set of points, and V a set of 3-subsets of X , having the property that any 4-subset of X contains an even number of members of V .
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Trees and two-graphs
A two-graph is a pair (X V ), where X is a set of points, and V a set of 3-subsets of X , having the property that any 4-subset of X contains an even number of members of V .
Given a graph G on the vertex set X , the set of 3-sets carrying an odd number of edges of G forms a two-graph on X . E v ery two-graph can be represented in this way and graphs G 1 and G 2 represent the same two-graph if and only if they are related by switching with respect to a set Y of vertices. (This operation consists of interchanging adjacency and non-adjacency between Y and its complement X n Y , while leaving edges within or outside Y unchanged.) When I speak of the pentagon and hexagon two-graphs below, I mean the two-graphs obtained from the pentagon and hexagon graphs by this procedure.
All this material can be found in Seidel 9] . Let (X V ) b e a t wo-graph. De ne a relation on X by setting x y if either x = y or no member of V contains both x and y. T h i s i s a n e q u i v alence relation. The two-graph is called reduced if the relation just de ned is equality. I n a n y t wo-graph, the three points of any t r i p l e i n V belong to di erent classes and replacing a point b y an equivalent point does not a ect membership in V (that is, is a congruence). Thus we h a ve a`canonical projection' onto a reduced two-graph. The original two-graph is uniquely determined by this reduced image and the sizes of the equivalence classes.
In 2], I gave t wo constructions leading from trees to two-graphs. Construction 1. Let T be a tree with edge set X . Let V be the set of 3-subsets of X not contained in paths in T . T h e n ( X V ) i s a t wo-graph. Proposition 1.1. A t wo-graph arises from a tree by Construction 1 if and only if it contains neither the pentagon nor the hexagon as an induced substructure. Trees T 1 and T 2 yield isomorphic two-graphs if and only if they are themselves isomorphic. Construction 2. Let T be a series-reduced tree (one with no divalent v ertices). Let X be the set of leaves of T . N o w T , being bipartite and connected, has exactly two v ertex 2-colourings select one, and call the colours black and white. Let V consist of all 3-subsets of X such that the paths joining these vertices meet at a black v ertex. Then (X V ) i s a two-graph. (If we use the other colouring, we obtain the complementary two-graph.) Proposition 1.2. A t wo-graph arises from a tree by Construction 2 if and only if it doesn't contain the pentagon as an induced substructure. Coloured trees T 1 and T 2 yield isomorphic two-graphs if and only if they are isomorphic (the isomorphism preserving the colours).
I shall call a two-graph 5,6-free if it arises from Construction 1, and 5-free if it arises from Construction 2. The purpose of this paper is to enumerate these two classes of two-graphs.
The rst construction has a group-theoretic interpretation. The Coxeter group of a graph is de ned to have a generator Analogously, Tsaranov 12] de ned a group with a generator t v for each v ertex, having relations t 3 v = 1 , ( t v t ;1 w ) 2 = 1 i f v w, and (t v t w ) 2 = 1 i f v 6 w. It is readily checked that switching a graph with respect to a set of vertices corresponds to replacing Tsaranov's generators for vertices in this set with their inverses so the Tsaranov group is an invariant of the switching class, that is, of the two-graph. Now Seidel and Tsaranov 10] showed that the Tsaranov group of the two-graph obtained from a tree T by Construction 1 is isomorphic to the even part of the Coxeter group of T .
No similar group-theoretic interpretation of Construction 2 is known.
To conclude this section, I consider brie y the enumeration problems. According to Proposition 2, the number of unlabelled 5,6-free two-graphs is equal to the number of trees with n edges (that is, with n + 1v ertices). This number was found by Otter 6] I will not reproduce the formula here. The sequence is listed as number 299 in Sloane 11 ].
Cayley's famous theorem 4] shows that the number of labelled trees on n vertices is n n;2 . It follows that the number of trees with n labelled edges is (n + 1 ) n;2 for n 2 (this will be proved in the next section). But this does not solve the counting problem for labelled 5,6-free two-graphs. For example, a path with n edges can be labelled in n!=2 ways, but yields only one two-graph, the null one. Informally, t h e t wo-graph gives no information about the order of edges on a path.
More precisely, de ne a relation on the edges of a tree T by e f if e and f meet at a vertex of valency 2. Let be the re exive and transitive closure of . T h e n an arbitrary permutation of the labels within any e q u i v alence class of does not change the two-graph. So we h a ve t o c o u n t edge labelled trees up to this relation. In fact, this equivalence relation coincides with the relation de ned earlier on any t wo-graph. Thus, reduced 5,6-free two-graphs correspond to series-reduced trees.
For 5-free two-graphs, the di culty is in the other direction. Proposition 1.2 shows that, for n 3, the number of labelled 5-free two-graphs on n points is twice the number of series-reduced trees with n labelled leaves. The latter sequence is well-known (it is number 1465 in Sloane 11] , the solution to Schr oder's fourth problem, and has many other interpretations). I will derive the formula below, since it involves only a slight detour.
The unlabelled case has an additional complication, since it can happen that complementary two-graphs are isomorphic. Such an isomorphism must arise from an automorphism of the series-reduced tree which i n terchanges the bipartite blocks. Since has no xed points, it must be bicentral, and T consists of two copies of a rooted series-reduced tree with 1 2 n + 1 leaves (rooted at a leaf) with the edges through the roots identi ed in opposite senses. So, if a n and b n are the numbers of unrooted and rooted series-reduced trees with n leaves (where the root is a leaf), then the number of 5-free two-graphs is 2a n if n is odd, and 2a n ; b 1+n=2 if n is even.
Vertex and edge labellings
I begin with two proofs of the following result. Each proof contributes something to the subsequent argument. Proposition 2.1. For n 2, the number of trees with n labelled edges is (n + 1 ) n;2 .
First proof. A tree T with n edges has n + 1 v ertices so the numbers of vertex and edge labellings of T are respectively (n + 1)!=jAut(T)j and n!=jAut(T )j. (Here we use the fact, derived from Whitney's theorem 13] or easily proved directly, that the automorphism group acts faithfully on the edge set if n 2.) Thus the number of vertex labellings is n + 1 times the number of edge labellings. So the same holds for all trees with n edges. By Cayley's theorem, there are (n + 1 ) n;1 such v ertex labelled trees. Second proof. We l o o k a t P r ufer's proof 7] of Cayley's theorem. There is a bijection between the vertex labelled trees on n + 1v ertices and the Pr ufer codes, t h e ( n ; 1)-tuples of labels. We take the label set to be f0 1 : : : n g. L e t P b e a P r ufer code, S the set of labels. Let p 1 be the rst element o f P , s 1 the smallest element o f S not occurring in P . Join p 1 to s 1 , and delete p 1 and s 1 from P and S respectively. Repeat this operation until P is empty. Then two labels remain in S join these two v ertices.
Note that the valency of a vertex in the tree is one greater than the number of its occurrences in P . In particular, the leaves are the elements of S not occurring in P . N o w Proposition 2.1 follows from: Lemma 2 . 2 . For n 2, there is a bijection between edge labelled trees with label set f1 2 : : : n g and vertex labelled trees with label set f0 1 2 : : : n g in which v ertex 0 is a non-leaf joined to the leaf with smallest label. These trees are precisely those whose Pr ufer codes begin with 0. Proof. From the vertex labelling, we obtain an edge labelling by m o ving the label on each v ertex v 6 = 0 to the edge through v in the direction of 0. Conversely, given an edge labelling, choose the pendant edge with smallest label give the label 0 to its non-leaf, and move the edge labels to their vertices further from 0. The last statement is immediate from Pr ufer's algorithm. Remark. We can de ne the edge Pr ufer code of an edge labelled tree by taking the Pr ufer code of the corresponding vertex labelling and deleting the initial 0. This suggests two problems: Problem 1. Describe a constructive bijection between edge labelled trees and edge Pr ufer codes, not going via vertex labellings. Problem 2. Describe the equivalence relation (see Section 1) in terms of the edge Pr ufer code.
The solution to Problem 1 is not obvious. In the construction of a tree from its vertex Pr ufer code, we usually produce several connected components which are not joined up until later so, when an edge appears, it may not be known which of its vertices is further from 0. Because I could not solve these problems, I had to proceed another way.
The formulae
The Stirling number of the second kind, S (n k), is the number of partitions of an n-set into k non-empty parts. Now k!S (n k) is the number of surjections from f1 : : : n g to f1 : : : k g, for which a standard inclusion-exclusion argument gives the formula
Let s(n k) be the signed Stirling number of the rst kind: that is, (;1) n;k s(n k) i s t h e number of permutations of f1 : : : n g having k cycles. Proposition 3.2. The number of trees with n labelled leaves and k non-leaves is S (n + k ; 2 k ).
Proof. If we label the non-leaves as well, we obtain a vertex labelled tree whose Pr ufer code consists exactly of the labels of the non-leaves, and so de nes a surjection from an (n + k ; 2)-set to a k-set. But each labelling of the leaves extends to k! labellings of all vertices, since no non-trivial automorphism can x all the leaves.
A tree is series-reduced if no number occurs precisely once in its Pr ufer code. If there are n vertices, the number of codes in which at least a set J of labels with jJj = j occurs precisely once is n ; 2 j j !(n ; j ) n;2;j since we m ust choose j coordinates, write the elements of J in those coordinates, and use elements not in J for the remaining labels. Thus, inclusion-exclusion gives the rst part of the next result the second part follows from the rst proof of Proposition 2.1.
Proposition 3.3. The number x n of series-reduced trees with n labelled vertices is given by x 1 = x 2 = 1 and x n = n;2 X j=0 (;1) j n j n ; 2 j j !(n ; j ) n;2;j for n 3, while the number x 0 n of series-reduced trees with n labelled edges is x 0 n = x n+1 =(n + 1 ) for n 2, with x 0 1 = 1 .
The number of reduced 5,6-free two-graphs with n labelled points is also x 0 n , b y t h e remarks in Section 1.
To c o u n t series-reduced trees with n labelled leaves, we h a ve t o c o m bine the two methods. for n 2, w i t h y 1 = 1 . Proof. Suppose that such a tree has k non-leaves. Each non-leaf has valency at least 3, so n + 3 k 2(n + k ; 1), or k n ; 2. Consider trees with xed k, and label the non-leaves as well. These trees have P r ufer codes of length n + k ; 2, made up of labels from the k non-leaves, each occurring at least twice. As before, the number of trees in which at least a set J of j labels occurs only once is n + k ; 2 Dividing by k! and summing over k gives the result.
As noted earlier, the number of labelled 5-free two-graphs is given by y 0 n = 2 y n for n 3, with y 0 1 = y 0 2 = 1 . Now w e can complete the enumeration in all cases, using Proposition 3.1. Remark 1. In the terminology of Bernstein and Sloane 1], the sequence (z n ) e n umerating 5,6-free two-graphs is the Stirling transform of the sequence (x 0 n ). It is curious that the Stirling transform of (z n ) is also of combinatorial signi cance. For there is an innite permutation group G which has z n orbits on ordered n-tuples of distinct elements ( Appendix: The sequences Below I give the rst twenty terms of each of the one-variable sequences considered here (except for two-graphs, where the sequence grows so rapidly that only fteen terms are given). These sequences have been computed by GAP 8] programs and the output pasted directly into the paper, to reduce the probability of error. 
